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Abstract. The volume conjecture and its generalizations say that the colored 
Jones polynomial corresponding to the TV-dimensional irreducible representa- 
tion of sl(2\ C) of a (hyperbolic) knot evaluated at exp(c/7V) grows exponen- 
tially with respect to JV if one fixes a complex number c near 2ir^/— 1. On the 
other hand if the absolute value of c is small enough, it converges to the inverse 
of the Alexander polynomial evaluated at exp c. In this paper we study cases 
where it grows polynomially. 



1. Introduction 

Let Jn(K;q) be the A^-dimensional colored Jones polynomial of a knot K 
normalized so that J/v (£/;(?) = 1 for the unknot U and that J2(K;q) = 
V(K; q) is the original Jones polynomial |T5] . It is conjectured [TU1 EH 
ITS] that the sequence { Jn (K; exp(27rv / — T/iV)) }jv=2,3,... grows exponentially as 
exp (iVVol (S 3 \ K) /(27r)), where Vol is the simplicial volume normalized so that 
it coincides with the hyperbolic volume if S 3 \ K possesses the unique complete 
hyperbolic structure. It is proved by Y. Yokota and the second author that for the 
figure-eight knot the sequence {JAr(if;exp(c/A0)}jv= 2 ,3,... a ^ so g rows exponentially 
and gives the volumes and the Chern-Simons invariants obtained from K by Dchn 
surgeries, if c is close to 277^/— T [T5j - 

On the other hand the second author proved that for the figure-eight knot the se- 
quence { Jn(K; exp(c/iV))}jv=2,3,... converges to the inverse of the Alexander poly- 
nomial evaluated at expc, if |c| is small [T7]. S. Garoufalidis and T. Le generalized 
it to every knot [3]. 

Then one may wonder when the sequence { Jn(K; exp(c/iV)j}jv=2,3,... 
grows polynomially. The first example was given by R. Kashaev and 
O. Tirkkonen [T^]. In fact they showed that for torus knots the sequence 
{ Jn(K; exp(27T\/— 1/A^))}tv=2,3.... grows as N 3 ^ 2 . The first author studied its re- 
lations to modular forms in [HI El E] • See also [B] about a similar result for torus 
links. 

In this paper we give other examples where the sequence 
{Jjv(-K';exp(c/7V))}jv=2,3,... grows polynomially. In fact we will give the 
cases where expc is a zero of the Alexander polynomial such that \c\ is the smallest 
among all the logarithms of the zeroes of the Alexander polynomial. 
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Theorem 1.1. Let E be the figure-eight knot. Put £ := log((3 + v / 5)/2). Then 



NJJ N^ce (3£)1 

Theorem 1.2. Let a and b be coprime integers greater than two, and T(a,b) the 
torus knot of type (a, b). Then 

( , s (2itJ~A\\ : /=t sin(^)sin(£) i 

J N [T a, b ; exp — ^— ~ e ~ \. a> . \ b, N2. 

\ y \ abN )) at-oo \ / 2sin(^) 

Remark 1.3. Let us denote the Alexander polynomial of a knot if by A(A ; £). Put 
A(Jf) := {z € C | A(AT;expz) = 0}; that is, A(if) is the set of all the logarithmic 
values of the zeroes of the Alexander polynomial of K. Since 



and 



we have 



and 



A(T(a,b)) 



A(E;t) = -t + 3-r 1 



(W 2 - £- Q / 2 ) (i b /2 _ £-6/2) 

A(£T) = {±£ + 2nnV^l \ n e 1} 



| fc € Z,a{fc,6{fc 

Then we observe the following: 

• Since the figure-eight knot is amphicheiral, Jn(E; q) = Jn(E; q^ 1 )- There- 
fore we have the same formula for — £ in Theorem ll.il Note that £, — £ € 
A(.E) and that |g] = | - gj = min{|z| | z G A(£)}. 

• Since </jv(AT;g) = J^(K;q) for any knot AT, we have 

. ^ sin® sin (f) 



Jat T(a,6);exp ~ e^r- w L^ jys 

V V aMV ^ w-oo \/2sin(^) 

where z is the complex conjugate of z. Note that ±27r-^/— l/(ab) £ 
A(T(o,6)) and that | ± 27r^/^T/(afo) | = min{|z| | 2 g A(T(o,6))}. 

In [17] the second author proved that if |c| is small enough, then 
Jim o J w (£;exp(^)) = A(S; 1 expc) . 

Moreover S. Garoufalidis and T. Le [3] proved the formula above holds for any knot. 

So it is natural to expect that the sequence { Jn(K\ exp(c/A))}jv=2,3.... diverges 
for c S A(A). 



Conjecture 1.4. For any knot K, let c be an element in A(A) such that \c\ = 
min{|z| I z € A(A)}. Then the sequence { Jn(K i ex p( c /A0) 2 3 grows poly- 
nomially, and 

tc\\ 1 



lim Jn K : exp 

N—>oo 



NJJ A(A;exp(te)) 



forO<t < 1. 

We will discuss some evidence for the conjecture by using connected-sums. 
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2. Figure-eight knot 
In this section we prove Theorem ll.il 

By K. Habiro [3] (see also [2]) and T. Le, it is proved that 



N-l k 



(N+j)/2 _ n -( N +j)/2] ( q (N- 3 )/2 _ q -(N-j)/2 



k=0 j = l 

Replacing q with exp(£/iV) we get 



V 7 k=0 3=1 V 

where f(x) := 3 — 2cos1i(£:e). We will approximate Jn(E; exp(£/iV)) as follows. 
Proposition 2.1. For any < e < 1, we have 

J N ^;exp^ N Z OD N I ex P \N J\ogf(x)dx^ dy. 



To prove Proposition 12.11 we first show that even if we restrict the summation 
range of the right hand side of (|2.ip to a smaller one, the difference is very small. 



Lemma 2.2. For any < e < 1, we have 

N-l k , . s leN\ k , . x 

En En/ (i). 



V N J N— >oo 
k=Q 3 = 1 v 7 k=0 3 = 1 v 7 

where \x\ denotes the largest integer that does not exceed x. 
Proof. Since < f(x) < 1 for < x < 1, if k > eN we have 

fe / ■ x Le^J 



n/(& <n / (& 

3=1 V 7 3 = 1 V 



Therefore 



jv-i fe / • \ L eN i k / • \ Ar_1 fe / • 

»<En/ | -En/ | ^ e n/ (i 

k=0 3 = 1 V 7 fe=0 3 = 1 V 7 fe=L £ AfJ+l3 = l V 
N-l [eN] . L^ATJ . 

< e n/(^)=^-L^j-Dn/u 

fc=[eAfJ+l 3 = 1 V 7 J = l V 



< n n / ' 1 

3=1 



N 
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For any e' with < e' < e we have 



[eN] 



3=1 



n/(£)-n/(&)* n 



N 



leN} 



3 = 1 

Ve'N\ 

<II/(&W 



3 = 1 



j=Le'JVJ+l 

le / N\+l\^ N ^' Ni 
N 



<f 



[s / N\+l\^ Ni -^' Ni 



N 



since / is a decreasing function and < f(x) < 1 for < x < 1. Since [s'N\ + 1 > 
e'N, 

[e'N\+r 



f 



N 



< f(e'). 



Therefore we have 



fe=0 j=l V 7 fc=0 j=l 



,/\(e-£')JV-l 



since + 1 > eN, [e'N\ < e'N, and < f(e') < 1. 

[e/VJ fc 



Now since 



En/ 1 



fe=0 j=l 
iV-l fe 



fe=0 j = l 



> 1, we have 



N—l k / ■ \ L CJV J K / ■ 

En/(&)-Eii/(& 

7 fe=0 j=l v 



in/ U 

k=0 j = l v 



fe=0 3 = 1 



Le/VJ fe 



LeWJ fe 



< 



k=a j= 

N f^)(e-e')N-l 



Le/vj fe . 

fe=0 j=l v 



/\(e-e')-N-l 



Since < f(e') < 1, the rightmost side can be arbitrarily small as TV grows, proving 
the desired asymptotic formula. □ 

Next we replace the summation with a Riemann integral. 
Lemma 2.3. For any < e < 1, we have 

[eN] fe 



/ cx P w iog/(^)^<-^n/(ip 

J ° \ JO / fe=0 j = i \ 



< / cxp I N / log f(x)dx J c?y 



Proof. First of all we recall /(a;) = 3 — 2cosh(£a;), and note that the function 
log /(a;) is 

• negative, since < f(x) < 1, 

• decreasing, since d log f(x)/dx = —2^smh(^x)/f(x) < 0, 
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for < x < 1. (Note also that /(0) = 1 and /(l) = 3-2 cosh(£) = 0.) 
Therefore we have 



1 . k / ' \ rk/N 



f( x)dx> -lo g f^- 
> ^ log /(e) 



for jfc < eiV. 

Multiplying by N and taking exponential, we have 

k 

Uf 

1 > —ri^ Y > /(£) ' 

exp N I log f{x)dx J 

and so 

L^J ( r k/N \ 1 LeWJ fe 



log/(x)dx 



(2-2) /(^£ex P IN lo g f(x)dx\<-J2l[fU 

k=0 \ JO / fe=0 j = i \ 

Since the function exp (N Jq log f(x)dx) of y is positive and decreasing for < y < 
1, we have 

< - £ exp ( iV ^ log/(x)^J - ^ exp ^ logf(x)dxj dy 

< 1 (l-exp \N J\ogf(x)dx^j < 1 
From (|2.2|) we have 

/(e) /"exp (iV log f(x)dx) dy < 1 £ J] / (-j^ 

<^ expfiV^ log/^daA <%+-^, 
completing the proof. □ 

Now we want to calculate the asymptotic behavior of the integral appearing in 
Lemma 12.31 To do that, recall Laplace's method [2j § 2.4] to study asymptotic 
behaviors. 

Proposition 2.4. Let us consider the following integral: 

^ g{t)e Nh ^ dt, 



where h is a (suitably) differ •entiable real function and g is a continuous complex 
function. If h'(a) = h"(a) = 0, /i (3 )(a) < and h'(t) < for a < t < (3, then we 
have 

,6 /jx , _ 2 \l/3 



\9h( 3 ){a)N 



e Nh( a )^ 
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We use Proposition 12 . 41 for h(y) := log f(x)dx with f(x) =3 — 2 cosh(£a;) and 
g{x) := 1. Since 

. h'(y) = log f(y), h"(y) = f(y)/f(y) = -2^si n h(^)/(/(y)) and 
. h^(0) = /"(0)/(0) - /'(0) 2 //(0) 2 = -2e, 
we have 



(2.3) J\xp(N J\og(f(x))dx\dy 



iw 2 \ 1/3 ra 



w^oo r v 3 ) v 18^^ ) (30 2/3 ^ 



Now we can prove Proposition ^. 11 
Proof of Proposition \2.1l We have from Lemma 

[eN] k 



En/ 



/(£) < 75 7 7v \ < 1 



N exp (n log dy N J exp ^iV J* log /(x)rfxj dy 

Since /(e) = 1 when e — > 0, and the denominators go to infinity when AT — > from 
(12. 3|) . we have 

E A / (£) N Z oa N [^ ^J^^mdx) dy. 

k — j — 1 

From Lemma \2 .21 we have Proposition ^. II □ 
Now we have Theorem 11.11 from (|2.3I) . 

3. Torus knots 
In this section we prove Theorem 1 1.2 1 

Let T(a,b) be the torus knot of type (a, b) for integers a and b with (a, b) = 1, 
a > 1 and b > 1. Then we will show more general results as follows. 

Theorem 3.1. Let r be a real number. 
If\r\ < l/(ab) then 

ton/* (TM);exp(2W^/A0) = A (r(o>6); ^V^D) ' 
and if r = l/(ab) then 

J N (T(a, b );eM^r^T/N)) ~ 

A^oo V2sm(7r/(ao)) 

In fact we will prove yet more general results. 
Put 

2 sinh z 

TK-(z) 



A(X;e 2 *) 
for a knot K . Note that 

2 sinh(az) sinh(fez) 

TT ^ (Z) = shmTaM ' 

Let V be the set of poles of t T ( q b )(z), that is, 

kixJ — 1 
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We define 7 Q ,b,r(fc) to be (2k)l times the coefficient of the Laurent expan- 
sion of Tx( a ,b)( z ) around z — irr^f—l of degree 2k. Note that it is equal to 
d 2k T T(aM (w)/dw 2k \^ __ ^ if W^I^P. Put 



I W — 7Try/ —1 



n(T(a,b)-J) :=-7sin hi- sin 



ab 



and 



CS(T(a,b);j) := exp 



2ab 



Then we have the following asymptotic expansions. 

Proposition 3.2. Assume that r is a real number but not an integer. Ifivry/— T ^ 
V , then 

(3.1) _ 

1 y> 7o,6,r(fc) ( 7ir-\/— T 



J w I T(a, 6); exp 



sin(7rr) 



VabNe 



k=0 

Nabr-K^T \_abr\ 



kl 



2abN 



2V2re~ 

Ifwry/—1 £ V , then 
(3.2) 

J N KT(a,&);exp 



__ J- (-l) N ^ +1 n(T(a,b);j)CS(T(a,b);j 

3=1 



2nrV^l 



a -iV/r 



iV 



sin(7rr) 



oo 

/ fc=0 



Ja,b,r(k) ( 



2abN 



N 



V2abr 



=■ x (— l) a sin(ar7r) sin(fer-7r) 



VabNe 



Nabrxv^T a br-l 



2V2re— 



— E (-l) Arj+J+1 ^(T(a,6); J )C5(T(a,6);j) 



a -N/r 



3 = 1 



Remark 3.3. In 12], R. Kashaev and O. Tirkkonen proved the following asymptotic 
expansion, which corresponds to the case r = 1. See also [5]. 

27Tx/^T 



Jjv T(a, 6); exp 



iV 



4^ 



2abN 



3 ^ iv-i-v^T a fc_i 

^ ' ' - 53(-l)C JV - 1 )^(T(a,6);j)C5(r(a,6);j)" J ' 



4V2a6 



3 = 1 



where r) a ,b{k) is the 2fc-th derivative of ZTTi a ,b) ( z ) at z = 0. Note that it coincides 
with the (2k- l)st derivative of {~l) ab+a+b T T{a ^(z) at z = ttx/^T. Note also that 
Kashaev and Tirkkonen use the a6-framed version of the colored Jones polynomial. 
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In our case we use the 0-framing version and so we have to renormalize it by framing 
factor q ab ( N -1 )/ 4 . (See [TS] for the framing dependence.) 

J. Dubois and Kashaev 1 show that "q a ^(k) is a finite type invariant for every k. 
They also showed that the square of 1Z(T(a, b);j) is the Reidemeister torsion and 
CS(T(a,b);j^J is the Chern-Simons invariant corresponding to a representation of 
TTi (S 3 \T(a,b)) into ST(2;C). 



Proof of Theorem \3.1\ by using Proposition 1 3. SX If \r\ < l/(ab) the second term of 
(|3.1|) vanishes. So we have 



Jjv ( T(o, 6);exp 



/ 2nry 



-1 



V N 



sin(7rr) 2 

N-xx> 7a,b,r(Q) 



_j oo 



7a,6,r(fc) / mr 



-1 



2aWV 



If abr 



2y / —lsm(nr) 

__ TT(a,b)(^\/ = T) 

2\/— 1 sin(7rr) 
sinh(ar7rV — 1) sinh(6r7r-\/— 1) 
sinh(a6r7r-\/— T) sinh(r7r\/— 1) 
1 

~ A(T(a,b);exp{irry/~)) ' 
1, then the third term of (|3.2[) vanishes and we have 
'2-nrJ~^ 



N- 



J N [T(a, 6);exp 
sin(7rr) 

3 sin(ar7r) sin(6r7r) 



2V- 



Ja,b,r(k) ( nr 



k=0 

N 



-1 



2a67V 



\j2abre 
N 



x (-1) sin(ar7r)sin(6r7r) 



sin(Trr) ^ 



□ 



Remark 3.4. If r is real non-integer number with |r| > l/(ab), the se- 
quence {JAr(T(a,6);exp(27rr\/^T/iV))}Ar = 2,3,... oscillates since the last terms 
in (|3.1|) and (13. 2p survive and the other terms converge as above. Note 

that in this case linijy_>oo log^ Jn (T(a, b); exp(27rr\/^i/iV))^ /N = since 

Jjv (T(a, b) ; exp(27rr \/— 1/iV)) grows at most polynomially. 

Remark 3.5. Combining the results in [16j we have the following results about the 
sequence { J N (T(a, b);exp(c/N))} N=2 ,3,...- 

• If Rec > and \c\ > 2ir/(ab), or Rec = and |c| < 2ir /(ab), then it 
converges and 

lim J N (T(a,b);exp(c/N)) = ] 

iV->oo A (J (a, o); expcj 

• If Rec < and |c| > 27r/(a6), then it grows exponentially and 
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• If c = ±27T\/— l/(ab), then it grows polynomially. 

• If c is purely imaginary, |c|/(27r) is not an integer, and |c| > 2ir/(ab), then 
it oscillates. 

Note that in [IB] the second author stated results only for the case where Imc > 0, 
but we can prove the first two formulas above because 



J N (K; exp(c/iV)) = J N (K; exp(c/JV)) . 
This was pointed out by A. Gibson. 

Proof of Proposition^^ From [TBJ § 2] (see also [HHH]), we have 

(3.3) J N (T(a, 6); e^ 3 ) - *„, 6) r(iV) T T{aM (z)e Nf ^^ dz, 

where C is the line that is obtained from the real axis by a 7r/4-rotation (Figure QJ, 




and 
with 



FIGURE 1. Contour C. 

,2 



fa.bA z ) :=ab[z 



27rry-l 

<WA0 :=g a , b ,rVNe-( ab (» 2 -i)+t+l) 



b \ iwV^T 

2JV 



ab 



Qa,b.r • 



27rV2re 7r v=T/4 S inh(7rrv /3 T) 

Note that since r ^ Z, <jf a ,6,r is well-defined and so is the right hand side of (|3.3p . 

We first assume that irr^/— 1 ^ T 3 . In this case as in [TBJ Page 550], we can replace 
the contour C with C r where C r is parallel to C and passes through irr^J—l as [IBJ 
Page 551]. 

(3.4) 

T T (aM Z ) eNfa ' bAZ) dz 



e Nf a , bA *). z = Zk 



! T T(a . b) (z)e N ^^ dz + 2nV^l V Res (r T(a , 6) (z) 



0<lm Zk <7rr 



where Res(F(x);x = xq) is the residue of -F(x) at the point Xq. 
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Remark 3.6. Note that 16, (2.2)] is missing 2tt\/~ 1 in the second term. (So (|3.4p is 
correct.) It does not matter to the results in [TOj, but is essential in the calculation 
of the current paper. The second author thanks A. Gibson, who pointed out this 
error. 

We will calculate the integral along C r in (|3.4p . Putting w := z — ixr\J— 1, we 
have 



C r 



TT(a,b)(w + nry^l) 



N 



But since 



TT(a,b){w + irrv^l)e 



N 



ab 2 , 

+ 2 ) dw 



-c 



i~T(a,b)(-w + 7rr%/ z T)e 



N 



rs/=T 



2 , abi-Try^T ^ 



dw 



T T(a,b) (~w + 7rrv /Z l)e 



N 



dw 



we have 



dw. 



(3.5) / T T(aM {z)e N ^-^dz 

{TT(a,b){w + TrrV^T) + T T (afi)(-i» + e*' 



where — C is obtained from C by reversing the orientation. If we put 



1 



B a ,bA w ) ■= 2 { T T(aM)(w + nr^/^l) +T T(a:b) (-w + 7rr v /3 T)} 



we have 
(3.6) 



B a ,bA W ) = 2^ "777TT7 . ni. W 



(2fc)! rfw 2fc ~ ^ (2fcV 



on C since B a ^. r is an even function and has no poles on C. So we have 
(3.7) 

r w) {z)e N f^dz= [ B aAr (w)e<'^ w2+2 ^) 



la,b,r(k) 2k n(- 

4SW e 



^ n (2*)l 7c 



^=1" > dw 



fc=0 
oo 



g?u> 



since the integrand is an even function, where i_C is the part of C in the first 
quadrant. Note that in the third equality we use the fact that the right hand side 
of (|3.6[) converges uniformly and so we can exchange the integration and the infinite 
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2k n(-—^=i 

W e V 2»rv^T 



<iu> 



abN 



z k e 



27rr z 1 / 2 , 

— — e * x — - — dz 
abN 2 



irr ( 2nr\/— l\ ttv^t / 1 
2^WV I abiV J 6 4 V 2 



tit (2<Kr*J-V\ -v^t ^(2fc - 1)!! 



2a67V V abN 



where (2fc - 1)!! := 1 x 3 x 5 x • • • x (2ft - 1). Therefore ([3~T|1 becomes 
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Finally we have 

J N (r(a,b); 



27rry^T 

e N 



2a67V 



fc=0 



fe! V 2a6iV 



.^2sinf^) sinful „. ™. ; ,1 
ft ab J 



27r v / 2re 7r ^ T / 4 sinh(TrrV^T) 



-(a&(AT 2 -l) + f + £): 



2a6iV 



fe! V 2abN 



fc=0 

= -(a{,(Ar 2 -l) + f + A)^VEI 



27rV2re 7r v /3 T/4 sinh(7rr v / ^T) 

. L ^ J .^2sin(^)sm(^) v . ^ n 3 , 

^— ' ab 

4=1 

fe 



1 



2v~ Tsin(7rr) 



/27V 



^ fe! I 2abN 

fe-0 v 
3 -(afc(W 2 -l) + f + |)l^I 



Va6re 7r v /= T/4 s i n (7rr) 

x ^ (-l) J ' +1 sm 
i=i 



77T 

a; sin iT" 



sin(7rr) 

V2lV 
/^ e W=l/4 



— T 



I 2^/-L ^ fe! V 2a6iV 

k fe— o 

,-JVabi-7rv^T/2 



i'=l 



Next assume that irr^/— 1 € P. For simplicity we assume that r > 0. In this 
case we replace the contour C in the integral in (|3.4[) with C r , where C r is obtained 
from C r by adding a small detour below the point as in Figure [2] 



(3.9) 



T W) (z)e Nf «^ dz 

T T (a, b )(z) eNUbAZ) dz 



cv 



i=i 



Note that abr is an integer. 
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7tT\/— I 










Re 



Figure 2. Contour C r 



As in (|3.5|) . we have 

I r T(aM {z)e N ^^dz 

JC r 

Iff n( ab ir 2 I ab ^-^ T ) 

= 2 |y T T( Q ,6)(w + 7rrV-l)e V 2 "-^ 2 / cfoo 

(3.10) + y _ T T(a . b) {-w + TTrV^l)e N ^^^r w2+ ^ EI "> dw^ 

Jc 

~2J T T(a,b){-w + nrV-l)e V ^rx/^r y ^w, 

where C is the same as C except for a small detour below the origin (Figure [3J), C 
is obtained from C by a 7r-rotation around the origin (Figure |4j, — C is the same 
contour as C with reversed orientation, and D is a small circle with anticlockwise 
orientation around the origin. Now from the residue theorem, we have 



Im 




Figure 3. Contour C 



T T(a,b) 



a,b){~ w + nry/-l)e N ( 1 



3 ) 



dw 



NabTTi^T . . 

-2ttV— 1 x e 2 Res(r T ( a fc )(— u; + 7T?V-1); ^ = 0) 
_ jvab^y^r (-I) afcr 2sin(ar7r)sin(6r7r) 



ab 
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Im 




Figure 4. Contour C 



Next we calculate the integral along C. Since T a j,, r (w + nrsf— Tj has a simple 
pole at 0, we can write 

V b ( — 1) °° 

' w * — ' 

fc=0 



fe=0 



oo 

2k _ 7a, 6, r ^2fe 



on C*. Then since 

r a . b , r (-w + nrV^T) = -^tH + f](-l) k v a . b . r (k)w k 

we have 

k=0 k=Q ^ '' 

Therefore in particular the function B a ^{w) is continuous at w = 0, and so the 
path C in (|3.10p can be replaced with C . Now (|3.10|) becomes 

c 

. w.ittV^i (— l) abr sin(ar7r) sin(6r7r) 

- 2ny^l x e 5 x ^ '- i '-. 

ab 

From ()3.7p and ()3.8() . this becomes 

oo 



V 2abN k\ V 2aWV 



. wabr^y^r (— l) abr sin(ar7r) sin(6r7r) 

- 2nV^l x e 5 x ^ '- 1 '-. 

ab 

Therefore p.9[) becomes 

oo 



27r , l-L- *™?^ + ^ \ - 7a,6,r(fc) ( ^V^l 

V 2a67V ^ jfe! V 2a6iV 

, Matr.^r (— l) abr sin(ar7r) sin(6r7r) 

- 27T-/-T x e 5 x ^ '- i '- 

ab 



a6 
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IS 



So we finally have 



J N T(a, 6);exp 



N 

ab I— t,.,jA T 2 i \ , a , b\ Trry^T 



^ e -(ab(jV 2 -l) + f + A)=^ 



k 



r NabmV=T , *V=T ^ Ja,b,r(^) ( 



2a6iV ^ fc! V 2a67V 

. Nabrw^r <— l) abr sin(ar7r) sin(6r7r) 

- 27TV-1 x e 2 x — — 

ab 

g W +1 2sin ( tl sin ^ ^" v=T(1 -^ ) | 



sin(7rr) 



oo 



7o,6,r(fc) / Trry^T 



TV h 

x (— l) a sin(ar7r)sin(6r7r) 



fc! \ 2abN 

k=0 



v / 2a6re' T v / ^T/4 

□ 

4. Connected-sums 

In this section we study connected-sums of copies of the figure-eight knot and 
torus knots. We have the following proposition that supports Conjecture 11.41 

Proposition 4.1. For connected- sums of copies of the figure-eight knot and torus 
knots, Conjecture ] 1.4\ holds. 

Proof. First note that £ = 0.96242 • • • and so we have 

2tt „ 2tt 



2x3 ab 
for any pair (a, b) of coprime integers with ab > 6. Put 

K := T(2,3) fcl BT(2T3)' C2 ^tt (? ^a^J « 6,)) , 

where > 6, Oj&j > 6, L k denotes the connected-sum of k copies of a knot L, 
and T (a.;, bj) is the mirror image of T (aj, bj). We have 

7^ if / = mi = rri2 = 0, 

iin{|z| | z e A(K)} = { 6 ifmi = m 2 = 0, 

min I -2?- , -2?- I otherwise. 

Therefore if / = mi = m2 = 0, the proposition is clear. If mi = rri2 = 0, then 
we have 

J N (T(2, 3) fc iT(2, 3)^'; exp(£/JV)) 
=J A r(r(2,3);exp(^/7V)) fel x ^(T^; exp^/iV))" 2 x J N (E;exp(£/N)) 1 . 
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Since we can prove that the sequence {Jjv(T(2, 3);exp(£/iV))} N _ 23 converges 
by using a similar technique (see Proposition IA. ll below) . the conjecture is true in 
this case. 

From [13 Theorem 1.1], we know that { J N (T(2, 3); exp(c/AT)) } N=2 3 con- 
verges if c is purely imaginary and \c\ < it/3. Since 2ir/(aibi) < n/3 and 
2w/(ajbj) < ir/3 for i = 1, 2, . . . , mi and j = 1,2,..., m 2 , we can also prove the 
other case. □ 

Appendix A. 

In this appendix we study the sequence { J/v(T(a, b); exp(c/iV))}jv=2,3,... for 
a real number c with |c| < 2ir/(ab). First of all, note that if c = then 
J N (T(a,b);exp(c/N)) = 1 for any N. 

If — 27r/(a6) < c < 0, we define the contour C as a (^-rotation of the real axis 
with ip ~ ir/4 + S for a small 8 > so that (|3.3p holds with r := c/(2iry / — 1). 
Here we choose <5 small enough so that |c| tan</? < 2tt /(ab). Let C r be the parallel 
translation of C that passes through c/2 = -kt\J—\. S crosses the imaginary 

axis at irrt&ntp, there is no pole of T"T(a,b) between C and C r . So from the same 
argument of (|3.4[) we have 

/ T Tia<b) (z)e N ^^dz= f r T{aM (z)e N f^Uz. 

JC JC r 

Therefore from the calculation in [TOj, we have 

ton J N (T { a, b );eMc/N)) = ^ 1 ^ . 

If < c < 27r/ (ab), then we can choose the real axis as the contour C. Since it is 
clear that there is no pole of TT( a ,b) between C and C r , we have the same formula. 
Thus we have proved 

Proposition A.l. For a real number c with \c\ < 2n/(ab) the sequence 
{ Jn\T(<i, b); exp(c/A r ))}Ar = 2,3 l ... converges to l/A(T(a, 6); expc) . 

Remark A. 2. By similar arguments we can determine the asymptotic behavior of 
the sequence { JN(T(a, b); exp(c/A r ))}jv =2 ,3,... for any c € C as indicated in Figure[5l 
See our forthcoming paper for more details. 
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